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Abstract. We address the question whether a medium featuring p + ρ = 0, dubbed Λ-
medium, has to be necessarily a cosmological constant. By using effective field theory, we
show that this is not the case for a class of media comprising perfect fluids, solids and special
super solids, providing an explicit construction. The low energy excitations are non trivial
and lensing, the growth of large scale structures can be used to clearly distinguish Λ-media
from a cosmological constant.
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1 Introduction
We do not know yet the nature of dark energy, though we have some information on its
equation of state. Actually, assuming a constant equation of state, observations indicate
p+ρ ≈ 0, which points toward the simplest possibility: a cosmological constant (CC). Suppose
that the upcoming large scale structure surveys will establish that w ≡ p/ρ ≡ −1, can we
conclude then that dark energy behaves as a CC? For a pure CC we have ρ = −p =constant
and the corresponding fluctuations are zero: δρ = δp = 0; moreover gravitational waves
propagate with a massless dispersion relation ω2 = k2. The goal of this paper is to show that
is possible to construct simple field theory models based on an action principle, describing
what we call a Λ-medium featuring p+ρ = 0 as a non-perturbative equation of state. Though
in a Friedman-Lemaitre-Robertson-Walker (FLRW) background a Λ-medium is completely
equivalent to a CC this is not the case when perturbations are introduced. Indeed, we still
have δp = −δρ, but with non-trivial perturbations.
The starting point is the assumption that dark energy can be effectively described as an
isotropic medium whose low-energy excitations are phonon-like. Such behaviour is rather
common in condensed matter systems but also in cosmology.
The outline of the paper is the following. In section 2 we briefly recall the basics of
self gravitating media that represent the general framework of which Λ-media are a very
special subset. Λ-media are introduced in section 3 together with their thermodynamical
properties. Section 4 is devoted to the study of the conditions under which Λ-media are
stable under linear perturbations around flat space. Scalar cosmological perturbation are
studied in section 5 while the tensor ones are analysed in section 5.1. The study of how the
growth of structure is modified in the presence of Λ-media is given in 6. Finally, section 7
contains our conclusions.
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2 Self-Gravitating Media
The key tool we use is the effective field theory (EFT) description of the dynamics of media [1–
9] according to which the low energy excitations (phonons) can be described by a classical
theory of four derivatively coupled scalar fields ϕA, A = 0, 1, 2, 3. Among the various action
principle formulations of the dynamics of media [10–15], the EFT framework is formulated in
terms of unconstrained fields and it is capable to describe perfect fluids, super fluids, solids
and super solids depending on the internal symmetries of the action which translates in the
form of the energy momentum tensor (EMT). A similar formalism was used in the contest
of inflation [16–20], though barring any special relation among operators realising p+ ρ = 0.
Following the notations of [8, 9], the leading operators in the EFT for homogeneous media,
invariant under the shift symmetry ϕA → ϕA + λA for constant λA, can be written in terms
of the matrix
CAB = gµν∂µϕ
A∂νϕ
B , (2.1)
and the velocity fields uµ and Vµ
uµ = − 
µναβ
6 b
√−g abc ∂νϕ
a ∂αϕ
b ∂βϕ
c Vµ = − ∂µϕ
0
√−X , (2.2)
where gµν is the space-time metric, b =
√
det (Bij), with Bij ≡ Cij and X = C00. Small latin
indices like i, j, assume the values 1,2,3 while greek and capital latin ones the values 0,1,2,3;
we shall also denote by B the 3× 3 matrix with matrix elements Bij . Being uµ∂µϕj = 0, ϕj
can be interpreted as the spatial Lagrangian (comoving) coordinates of the medium, while
ϕ0 represents the clock’s medium. The action of a self-gravitating medium in the presence
of gravity is
S = M2Pl
∫
d4x
√−g R+
∫
d4x
√−g U (CAB) ; (2.3)
where R is the Ricci scalar, MPl = (16piG)
−1/2 is the Planck mass and U is the medium
Lagrangian depending on the derivative of the Stu¨ckelberg fields ϕA. At leading order we
have a total of 9 operators Y, X, τ1,2,3, y0,1,2,3 (compatible with isotropy, implemented as a
global internal spatial SO(3) symmetry ϕi → Rijϕj , with the constant matrix R ∈ SO(3))
defined as
Y = uµ∂µϕ
0, τn = Tr (B
n) , yn = Tr (B
nZ) (2.4)
where Z is 3 × 3 matrix with matrix elements Zij = C0iC0j (note that b = (τ31 − 3 τ2 τ1 +
2 τ3)/6). Moreover, we define the operators wn = Tr(W
n), where W ≡ B −Z/X.
Interestingly, the EFT formalism allows also to give a thermodynamical interpretation [9, 21]
by which some combinations of operators are related to thermodynamical variables.
3 Λ-Media
From the action (2.3), the energy momentum tensor (EMT) for the most generic media has
the following structure
Tµν = − 2√−g
δS
δgµν
= p hµν + ρ uµuν + 2 q(µuν) + piµν (3.1)
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where ρ = uµuνTµν , p = h
µνTµν/3, qµ satisfies uµq
µ = 0 and piµµ = uµpiµν = 0.
Depending on the internal symmetries, we can select some special combinations of the opera-
tors appearing in the Lagrangian, corresponding to particular classes of media. For instance,
fluids and super fluids U(X,Y, b) are protected by invariance under volume preserving dif-
feomorphisms
ϕa → ψa(ϕb) , det
∣∣∣∂ψa/∂ϕb∣∣∣ = 1 . (3.2)
Since for Λ-media w = −1, the condition p(U) = −ρ(U) at the non-perturbative level is
equivalent to a differential equation for U , which can be solved in terms of the basic operators
considered as independent variables.
Let us describe this procedure for the following classes of media
• solids, characterised by U(Y, τn)
• special super solids, characterised by U(X,wn)
• perfect fluids, characterised by U(Y, b).
Solids are selected by the invariance under the internal symmetry [8, 22]
ϕ0 → ϕ0 + f(ϕj) (3.3)
and the thermodynamical dictionary is given in Table 1. The entropy per particle σ = s/n
is constant in time
σ˙ = uµ∂µσ = 0 . (3.4)
From the non-perturbative expression for p and ρ in Table 1, imposing w = −1 gives
Y UY − 2
3
3∑
m=1
m τmUτm = 0 , (3.5)
which reduces the original dependence of U from the original four operators down to the
following three special combinations
UΛS = U
(
Y τ
3/2
1 ,
τ2
τ21
,
τ3
τ31
)
(3.6)
invariant under the Lifshitz scaling [16, 23, 24]{
ϕ0 → λ−3 ϕ0
ϕj → λϕj . (3.7)
An interesting subcase is the isentropic solid with an entropy per particle constant in space-
time, described by U(τn) (where only the spatial Stu¨ckelberg ϕ
j are present) and charac-
terised by s = 0. In particular, Λ-isentropic solids are described by
UΛIS = U
(
τ2
τ21
,
τ3
τ31
)
. (3.8)
Special super solids U(X,wn) are selected by the invariance under the internal symmetry
[8, 9, 22, 25]
ϕj → ϕj + f j(ϕ0) . (3.9)
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Λ-special super solids are obtained imposing p = −ρ for the expressions in Table 1; we have
UΛSS = U
(
Xw31,
w2
w21
,
w3
w31
)
, (3.10)
which is again invariant under the Lifshitz scaling (3.7). Similar media were studied in a
cosmological setting in [23, 26] and also in the contest of spherically symmetric solutions in
massive gravity [27, 28].
Isentropic special super solids, described by U(wn), are invariant under (3.9) and [8]
ϕ0 → ϕ0 + f(ϕ0) . (3.11)
Remarkably, a proposal for a UV completion for isentropic special super solids involving at
LO the scalar operators w1 and w2 was put forward in [29], where the temporal Stu¨ckelberg
ϕ0 is embedded into the khronometric model and the spatial Stu¨ckelberg ϕj are coupled to
a triplet of Higgs vector fields.
The symmetry (3.11) forbids the operator X in UΛSS and we conclude that Λ-isentropic special
super solids are described by
UΛISS = U
(
w2
w21
,
w3
w31
)
. (3.12)
Finally, perfect fluids are protected by the symmetries (3.2) and (3.3); their Lagrangian is of
the form U(Y, b).
Λ-perfect fluids with p+ ρ = 0 have the following Lagrangian [8]
UΛPF = U(Y b) (3.13)
which is protected by the enhanced symmetry
ϕA → ψA(ϕB) , det ∣∣∂ψA/∂ϕB∣∣ = 1 . (3.14)
The Λ-perfect fluid EMT simply reads Tµν = p gµν whose conservation leads directly to
ρ =constant. Although a Λ-perfect fluid is similar to a CC, the non-vanishing entropy per
particle indicates that underlying degrees of freedom are present. Moreover, the Stu¨ckelberg
fields satisfy non-trivial equations of motion in order to keep the combination b Y constant.
Differently from fluids, anisotropic stress in solids allows to have a conserved energy-momentum
tensor, p+ ρ = 0 and non-trivial gradient for the pressure and the energy density. Actually,
for a solid Tµν = p gµν +piµν where piµν is the anisotropic stress; from the conservation of the
energy-momentum tensor we get
p = −ρ, p˙ = piµν ∇ν uµ = piµν σµν , Dµp = −Dνpiµν − aνpiµν (3.15)
where uα∇αp ≡ p˙ and we have used the standard decomposition of the covariant derivative of
the velocity in terms of rotation and shear according with ∇ν uµ = σνµ+ωνµ+∇αuα/3 hνµ−
uν aµ and Dµ = hµν ∇ν , aµ = uν∇νuµ. Remarkably, the relations (3.15) are intrinsically
different from the corresponding relations for a CC
p = −ρ = −Λ, ∇µ p = 0 ⇒ p = −Λ . (3.16)
For a FRW background (3.15) and (3.16) coincide, while for a perturbed FRW metric devi-
ations from a CC are present already at the first order.
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U(Y, τn) U(X,wn) U(Y, b)
ρ −U + Y UY −U + 2XUX −U + Y UY
p U − 23
∑
mm τmUτm U − 23
∑
mm wmUwm U − b Ub
n τ
3/(2m)
m w
3/(2m)
m b
s UY −2
√−XUX UY
Table 1: Thermodynamical correspondence
4 Dynamical Stability
Since Λ-media are very particular, it is important to study their stability. Though self-
gravitating media can have a familiar Jeans-like instability at some scale kJ , no instabilities
should be present at very large k. In this regime, curvature and the mixing of the Stu¨ckelberg
fields with gravity are negligible and, much like in spontaneously broken gauge theories, the
ultraviolet behaviour is captured by the Stu¨ckelberg fluctuations. One can forget about
gravity and simply study the effective quadratic Lagrangian obtained expanding U around
Minkowski space
ϕ0 = t+ pi0(t, ~x), ϕ
j = xj + V j(t, ~x) + ∂jpiL(t, ~x) (4.1)
with ∂jV
j = 0. As discussed in [9], the dynamics of linear perturbations is controlled by five
parameters {Mb} (with b = 0, 1, .., 4), expressed in terms of first and second partial derivatives
of the Lagrangian U with respect to the basic operators 1, their expressions are given in the
appendix. These parameters are related to the mass terms of the metric fluctuations h00, h0i
and hij in the unitary gauge appearing in rotational invariant massive gravity, see [25, 31, 32]
and [33] for the non-perturbative structure.
The propagation of scalar perturbations is controlled by two mass parameters: if Mˆ0 6= 0
and Mˆ1 + p¯+ ρ¯ 6= 0 the total energy in the scalar sector is given by
Es = Mˆ0 pi
′
0
2 +
k2
2
(
Mˆ1 + p¯+ ρ¯
)
pi′L
2 + k4
(
Mˆ2 − Mˆ3
)
pi2L −
k2
2
Mˆ1 pi
2
0 . (4.2)
When the kinetic term of pi0 or piL vanishes, at least one degree of freedom can be integrated
out and the stability analysis has to be redone. For details see [30].
Notice that no condition on p and ρ has been imposed. The Lagrangian for transversal
vectors V perturbations reads
LV =
1
2
(
Mˆ1 + p+ ρ
)
V ′2 − Mˆ2 k2V 2 . (4.3)
Imposing that energy is bounded from below in both the scalar and vector sectors leads to
M0 ≥ 0 , M1 ≡ Mˆ1 + p¯+ ρ¯ ≥ 0 ,
M1 ≤ 0 , M2 ≥M3 , M2 ≥ 0.
(4.4)
In the limit p+ ρ = 0, combining (5.5) with (4.4) we get
M2 > M3 ≥ 3
2
M0 ≥ 0 , M1 = 0 . (4.5)
1In this paper we use the same definition for {Mb} as in [30] which differs from the one in [9] by a factor
a4; namely Mb in [9] is equal to a
4 Mb in the present paper.
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The very same stability conditions are obtained by expanding the action (2.3) around a
generic FLRW space-time in the Newtonian gauge at the quadratic order and imposing
stability in the limit k → ∞ [30]. Remarkably, the condition M1 = 0 is protected by
symmetries [5, 8] and thus stable Λ-media are adiabatic (5.9). Gradient and ghost instabilities
are absent also for media characterised by M0 = 0 or M2 = M3 [5, 22]. While solids
tend to be sensitive to the introduction of higher operators, this is not the case for special
supersolids [22, 25]. A detailed analysis of the sixth mode in massive gravity and self-
gravitating media is given in [30].
5 Cosmology of Λ-media
The fluctuations of Λ-media around de Sitter (dS) space-time are particularly interesting and
show many connections with modified gravity theories.
In the Newtonian gauge, using conformal time, the scalar perturbations of the metric are
ds2 = a(t)2
[
(−1 + 2 Ψ) dt2 + (1 + 2 Φ) d~x2] ; (5.1)
while for ϕ0 we have
ϕ0 = φ(t) + pi0(t, ~x), (5.2)
and ϕj is expanded as in (4.1).
For a generic medium, at the background level entropy per particle is conserved and pressure
and energy density enter in the standard Friedmann equations.
For Λ-media, we have
δp = −δρ = −φ
′M4
a4M0
δσ ; (5.3)
where
δσ = 2
Mˆ0
φ′
[
Ψ +
pi′0
φ′
− M4
M0
(3 Φ + k2 piL)
]
(5.4)
and Mˆi = M
2
Pl Mi. The Friedmann equations and H′′ = 2H3, valid when p¯ = −ρ¯, together
with (5.3), give the following relations among the mass parameters
M0 = M4, M2 = 3 (M3 −M4) . (5.5)
Notice that {Mb} are constant parameters for Λ−media. The very same relations also follow
from the invariance under (3.7). For Λ-media the function φ appearing in (5.2) is determined
by the conservation of the EMT at the background level and the relations among the mass
parameters (5.5). Thus, Λ-media select naturally a de Sitter (dS) background for which
a(t) = − 1
H0 t
, H = a
′
a
= −1
t
; (5.6)
where H0 is an integration constant. Notice that at the background level the conservation of
the Λ−medium EMT is equivalent to
φ′ = φ0 a4 ; (5.7)
where φ0 is an integration constant. From (5.3) and (5.7), we have
δp = −δρ = −φ0 δσ , (5.8)
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where, as consequence of the conservation of Λ−medium EMT. The constant φ0 simply
rescale δσ and can be set to 1. the entropy per particle perturbations satisfy
δσ′ =
a4 Mˆ1
φ′2
k2 (pi0 − φ′ pi′L) . (5.9)
When δσ′ = 0, i.e. the entropy per particle is a function of spatial coordinates only δσ(~x),
the medium is adiabatic; this is the case when M1 = 0, see (5.9). When the stronger
condition δσ = 0 is imposed, the medium is isentropic and M0,4 = 0, see (5.4). Notice that
perturbations are essentially entropic as a result of δp = −δρ.
From the stability conditions we have seen that stable Λ-media are adiabatic or isen-
tropic; in the following we will focus on the cases M1 = 0 and M0,1 = 0. At the linear order,
the EMT of an adiabatic, namely M1 = 0, Λ-medium has the following form
T
(1)
00 = a
2 (φ0 δσ − 2 ρ¯Ψ) ;
T
(1)
0i = 0 ; (5.10)
T
(1)
ij = 2 Mˆ2 a
2 ∂i∂jpiL − δij
2
a2 (3 δσ φ0 + 4 Φ ρ¯) .
The conservation of the Λ−medium EMT only gives that δσ is constant in time, see (5.9),
but also that it is related to piL by
3 φ0 δσ + 4 Mˆ2 k
2 piL = 0 ; (5.11)
where we have switched to Fourier space setting k2 = kikjδij , with k
i is the comoving
momentum. The scalar sector of the linear perturbed Einstein equations for a generic Λ-
medium reads
a2 δσ = 4 M2Pl
[
k2 Φ + 3 H (Φ′ +H Ψ)] ,
− φ
′3 δσ′
4 a2M2Pl
= k2
(
Φ′ +H Ψ) ,
a2M2 piL = (Ψ− Φ) ,
(5.12)
where δρ is given by (5.3) together with (5.4) and (5.6), for δσ′ see (5.9). Λ-perfect fluids
UΛPF for which M2 = M1 = 0, behave exactly as a CC, indeed
δρ = δσ = δp = Φ = Ψ = 0, pi′0 = k
2 φ′ piL . (5.13)
What differentiate such a fluid from the CC is the presence non-trivial perturbations of the
Stu¨ckelberg fields and a constant entropy σ¯; unless the Λ-perfect fluid is directly coupled with
matter [34], no physical effect is present. For instance, during Λ-perfect fluid domination,
a subdominant dark matter sector has a constant density contrast δm = δρm/ρ¯m as for the
case of a CC.
Λ-solids UΛS and Λ-special super solids U
Λ
SS are characterised by the same structure of per-
turbations and δσ = δσ0(k) so that
δρ = −δp = δσ = const. ,
Φ = Φ0 a
2,
Ψ
2
+ Φ = 0
(5.14)
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Λ-Medium δρ = −δp, δσ Ψ Φ δm mg
CC 0 0 0 const. 0
UΛPF 0 0 0 const. 0
UΛS & U
Λ
SS δρ0 = δσ0 −2 Φ Φ0 a2 ∝ a2 6= 0
UΛIS & U
Λ
ISS 0 0 0 const. 6= 0
Table 2: Features of the different Λ-Media. The quantities Φ0 and δσ0 are time independent.
and Φ0 =
δσ
4 k2M2Pl
. Remarkably, the expression of Φ is universal and is determined by the
constant value of the entropy per particle perturbation δσ0.
One can also check that vector modes do not propagate and tensor modes have a massive
dispersion being M2 6= 0.
For Λ-isentropic solids UΛIS and Λ-isentropic special super solids U
Λ
ISS the entropy density
vanishes, s = 0 and the behaviour of the scalar perturbations on dS are the same as in the
case of CC domination being M1 = M0 = 0. The only detectable difference is that tensor
modes have a massive dispersion relation being M2 6= 0. The features of stable Λ-media with
M1 = 0 are summarised in table 2.
Finally, consider what happens when the stability conditions (4.4) are not satisfied. Take
Λ-super fluids characterised by M1 6= 0 and M0 6= 0. From the invariance under (3.2), the
anisotropic stress piµν is zero, and thus M2 = 0. From the Einstein equations (5.12) the two
Bardeen potentials are equal Φ = Ψ and satisfy the simple equation
Φ′′ − k2 Φ = 0, (5.15)
with a general solution
Φ = Φ1 e
k
aH0 + Φ2 e
− k
aH0 . (5.16)
The entropy per particle perturbation is given by
δσ =
4M2Pl
a2
[
3 H Φ′ + (k2 + 3 H2) Φ] . (5.17)
Though, the time behaviour of Φ is under control, at large k there is an exponential grow.
5.1 Gravitational Waves
The quadratic Lagrangian for tensor perturbations in Fourier space is [8, 23, 25, 35]
LT =
a2M2Pl
2
[
χ′2ij − χ2ij
(
k2 + a2M2
)]
, (5.18)
where χij is the transverse and traceless spin two part of the metric perturbations. For
perfect fluids and super fluids, where M2 = 0, the dynamics of spin 2 modes is standard.
This is not the case for solids and super solids where M2 6= 0.
If the accelerated expansion of the universe is related to the presence of the graviton mass
then the graviton mass has to be the of order of mg =
√
M2 ∼ 10−33 eV. On the other hand,
massive gravitons represent also a cold dark matter candidate when mg ≥ 10−27 eV [23].
However, bounds from gravitational waves observations as GW150914 and the time delay of
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1.7 seconds between GW170817 and the electromagnetic counterpart GRB 170817A led to
mg . ×10−22 eV.
Let us comment briefly on the familiar Higuchi bound [36, 37]. Such a bound on
the Pauli-Fierz mass in dS spacetime is derived when the massive spin 2 action gives no
contribution to the background [38, 39]. By definition, the above considerations do not
apply for self-gravitating Λ-media, where the dS background is related to the energy density
of the Λ-medium through the Friedmann equations.
Note that for self-gravitating Lorentz invariant Λ-media, Lorentz invariance implies p+ρ = 0
and the relations M1 = M2, M3 = M4, M0 = M3 −M1 that, from (5.5) and (4.5), requires
M0 = M4 = M3, M1 = M2 = 0. Thus the only Λ-media compatible with the above
conditions are the Λ-perfect fluids, thus the graviton is still massless.
6 Modified Growth of Structure
Let us start by considering the evolution of dark matter (DM) and dark energy in the form
of an adiabatic Λ-medium, particularly we focus on the two limits of dark matter domination
and dark energy domination, which can be treated analytically. The general case is studied
numerically. Taking dark matter as a perfect fluid with equation of state pm = 0, the only
(indirect) coupling with the Λ-medium is via gravity. Being M1 = 0, the only contribution
to 0i component of the perturbed EMT comes from the DM fluid and the corresponding
Einstein equation gives an equation for the scalar velocity vm of DM; namely
a2 vm ρ¯m − 4 M2Pl
(
Φ′ +H Ψ) = 0 . (6.1)
The 00 component of the perturbed Einstein equation allows to express δρm in terms of the
gravitational scalar perturbations and δσ as
a2 δρm = 4 M
2
Pl Φ
(
k2 + 3 H2)− (1 + 9 H2
k2
)
δσ + 12M2PlH Φ′ . (6.2)
The remaining perturbed equations can be casted in a second oder equation for Φ
Φ′′ + 3HΦ′ − 3 w H2 Φ + 3 H
2
4 k2 M2Pl
(3 w − 2) δσ = 0 ; (6.3)
where
H2 = a
2(ρ¯Λ + ρ¯m)
6M2Pl
, w = − a
2 ρ¯Λ
6H2M2Pl
; (6.4)
and ρ¯m and ρ¯Λ are the background dark matter and dark energy density respectively. During
an expansion phase dominated by an adiabatic Λ-medium, one can check that by combining
the continuity and Euler equations for a subdominant dark matter component its density
contrast behaves as δρm ∼ a2, in sharp contrast with δρm =constant found in the familiar
case of CC domination. For ρ¯m  ρ¯Λ we get H2 ' H
2
0
a and the leading terms are exactly
those in DM dominated universe
Φ = Φ¯ ; (6.5)
δm =
2 a k2 Φ¯
3 H20
+ δ¯ ; (6.6)
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where we have neglected sub-leading decreasing modes and Φ¯, δ¯ are integration constants.
For ρ¯Λ  ρ¯m we get H2 ' a2 H20 with neglecting again sub-leading decreasing modes
Φ =
a2
4
δσ
k2 M2Pl
(6.7)
δm = δ¯ −
[
3 a2
4
+
k2 log(a)
4 H20
]
δσ
k2 M2Pl
. (6.8)
Moreover
Φ−Ψ = 3
4
a2
δσ
k2 M2Pl
. (6.9)
The universal and simple relations (5.14) and (6.9) which relate the Bardeen potentials give
a clear prediction for lensing.
In a more realistic Universe, taking into account also radiation, one can solve numer-
ically, in the linear regime, the conservation equations for photons and dark matter plus a
combination of the Einstein equations, namely
4 k2 vγ = 3
(
4 Φ′ + δ′γ
)
;
4 v′γ = 4 Ψ− δγ ;
k2 vm = 3 Φ
′ + δ′m ;
v′m = Ψ−H vm ;
a2 (δρΛ + δργ + δρm)
2M2Pl
= 2 k2 Φ + 6H(Φ′ +HΨ) ;
Φ−Ψ = 3 a
2 δρΛ
4 k2 M2Pl
.
(6.10)
where δγ = δργ/ρ¯γ and δm = δρm/ρ¯m and recall that δρΛ = δσ = constant. The linear
matter power spectrum is given in terms of the 2-point correlation function for the gauge
invariant matter contrast ∆m = δm − 3H vm. The total density contrast ∆ is given by the
weighted sum over the various components
∆ =
∑
i
ρ¯i
ρ¯
∆i ; (6.11)
and satisfies a second order equation, see for instance [34].
More precisely, the matter power spectrum P (k, z) is defined by
〈
∆m(k, z)∆m(k
′, z)
〉
=
P (k, z)
(2pi3)
δ(k + k ′) , (6.12)
where <> are ensemble averages, and can be determined once the initial conditions, adiabatic
or entropic, are specified. As usual, using the Poisson equation, we can write ∆m(z) in terms
of the gravitational potential, which can be related to the initial gravitational potential,
Φin = Φ(zin), where zin = 10
8 in the following, by means of the transfer function.
Adiabatic perturbations are characterized by δσ = 0, together with the usual relations
δγ = 2 Φin, δm = 3 Φin/2 and vm = vγ = Φin/(2Hin).
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Finally, observations from the CMB and LSS suggest, in agreement with the simplest infla-
tionary models, that Φin is a random field drawn from a nearly-Gaussian distribution with
mean zero and variance distribution specified by the primordial power spectrum
PΦ =
〈
Φin(k) Φin(k
′)
〉
=
AΦ
k3
(
k
H0
)ns−1
(6.13)
where AΦ and ns are chosen as in the ΛCDM model.
Conversely, entropic initial conditions δσ(zin) = δσ(z = 0, k) can be specified in terms of the
dimensionless quantity δΛ = δρΛ/ρΛ associated to the primordial power spectrum
PΛ =
〈
δΛ(k) δΛ(k
′)
〉
=
AΛ
k3
(
k
H0
)nΛ−1
. (6.14)
Since the mechanism that generated these intrinsic entropy perturbations is not known, we
regard the amplitude AΛ and the spectral index nΛ as free parameters. When perturbations
originate from thermal rather than quantum fluctuations large deviation from a scale invari-
ant primordial power spectrums is possible, see for instance [40–43].
Note that we neglect the possible existence of relative entropic perturbations ∝ 4 δm − 3 δγ .
10-4 0.001 0.01 0.1 1 10
kHMpcL-1
10
100
1000
104
105
PHkLHMpcL3
Figure 1: Matter power spectrum for ΛCDM (black) PΛCDM obtained by setting δσ = 0.
The blue curve represents PΛ with nΛ = 1 and the red curve with nΛ = 5, with AΦ = AΛ.
We neglect the cross correlation between adiabatic and entropic modes setting PΦΛ = 0. The
total power spectrum is the sum of the black and red curve or the black and the blue one.
Finally, the total matter power spectrum today (at z = 0) can be expressed in terms of
the primordial power spectrum schematically as
P (k) ∼
(
k
H0
)4 [
TΦ(k)
2PΦ + TΛ(k)
2PΛ + TΛ(k)TΦ(k)
〈
δΛ(k) Φin(k
′)
〉]
≡ PΛCDM(k) + PΛ(k) + PΦΛ(k)
(6.15)
where TΦ(k) and TΛ(k) represent the transfer functions for the two possible initial conditions.
The choice of pure adiabatic initial conditions corresponds to set δΛ = 0; the matter spectrum
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is given just by PΛCDM and coincides with the ΛCDM power spectrum, the black dotted curve
in Figure 1. The new contributions stem from PΛ and PΦΛ and their impact depends on the
primordial spectrum for δσ and the correlation between adiabatic and entropic contributions.
Specifically, while PΛCDM(k) ∼ kns for k → 0 and PΛCDM(k) ∼ kns−4 on small scales
(neglecting logarithmic corrections), we have PΛ(k) ∼ knΛ−4 always. Contrary to ΛCDM,
where the change of slope is due to modes that entered the horizon at matter domination
or at radiation domination, the time-independent nature of δσ makes its contribution to the
matter power spectrum basically monotonic in k.
The result is shown in Figure 1 with ns = 1 for the adiabatic spectral index, while for the
entropic index we consider the two cases nΛ = 1 and nΛ = 5 (matching PΛCDM at small or
large scales, respectively), and we have chosen the same amplitude AΦ = AΛ.
From Figure 1 it is clear that unless the size and the shapes of initial perturbations for δσ
are tiny compared with the primordial ones of ΛCDM, an excess of power at small or large
scale will appear, depending on the spectral index nΛ.
The presence of non-trivial perturbations in the dark sector changes the growth function
D(z) defined here as
D(z) =
∆m(z)
∆m(zlate)
, zlate = 10 . (6.16)
2 4 6 8 10
z
2
5
10
D(z) k=10-3Mpc-1
Figure 2: Growth functions.
2 4 6 8 10
z
1.02
1.04
1.06
D (z)
DΛCDM (z)
k=10-3Mpc-1
Figure 3: Ratio of the growth factor with
ΛCDM values; same colors as in the figure on
the left.
Clearly, in the absence of dark energy the growth functionD(z) will grow asD(z) ∼ 1+z,
while the presence of a cosmological constant causes structure to grow less. This is not the
case for a Λ-medium where the growth of structure is enhanced compared to standard ΛCDM.
Note that for Λ-media, differently from ΛCDM, the contribution to the the growth function
from the entropy perturbations is generically scale-dependent, and, since δσ(k) is constant
in time, is sensitive to the k-dependence of the primordial perturbations specified by the
entropic spectral index nΛ.
The predictions for the growth function is shown in Figure 2, where the black dotted curve
shows the case of ΛCDM, while the blue dashed curve and the red curve show the growth
function for Λ-media with initial conditions nΛ = 1 and nΛ = 5, respectively. The ratio of
DδΛ with the ΛCDM case is shown in Figure 3.
We leave for a future work a complete numerical analysis suitable for parameter esti-
mation, but clearly the initial spectrum for δσ is rather constrained from observations.
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7 Conclusions
By using the EFT of self-gravitating media, we have shown that there are stable media,
protected by symmetries, that feature an exact (non-perturbative) equation of state of the
form p + ρ = 0, and are physically different from a CC. Indeed, adiabatic Λ-media and, in
particular, Λ-solids and Λ-special super solids 2 exhibit phonon-like fluctuations which, via
Einstein equations, induce non-trivial metric fluctuations. Moreover, the Bardeen potentials
and the density contrast of the sub-leading dark matter component δm grow as a
2, in sharp
contrast with the case of CC domination, where the Bardeen potentials are decreasing and
δm is constant. The presence of an intrinsic anisotropic stress induces a strong correlation
between the gravitational potentials: Ψ = −2 Φ and makes the spin two mode massive.
Isentropic Λ-media are characterised by frozen scalar perturbations, likewise a CC, though
spin two perturbations are non-trivial. Indeed, with the exception of Λ-perfect fluids, the
dispersion relation of gravitational waves for stable Λ-media is the one of a massive particle
ω =
√
k2 +m2g. These features can be detectable in future dark energy surveys and gravita-
tional waves experiments. Already the linear matter power spectrum gives a tight constraint
on the size of primordial perturbations in the dark energy sector. Some model in which
nontrivial dark energy perturbations are present even when w = −1 was discussed in [44]
in light of the EUCLID mission; here we have given a model independent analysis of stabil-
ity, the underlying symmetries and the evolution of cosmological perturbations. A detailed
analysis of the phenomenological implications of self-gravitating Λ-media with a parameters
estimation will be carried out in a separate work.
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A Mass parameters
The mass parameters {Mb} are given by
M0 =
φ′2
2 a4M2Pl
[
a2 (UY Y − 2UX)− 4 aφ′ UY X + 4φ′2 UXX
]
;
M1 =
2φ′2
M2Pl
[
a−2 UX +
3∑
n=0
a−4−2n Uyn
]
;
M2 = − 2
M2Pl
3∑
m=1
n2 Uτn ;
M3 =
1
M2Pl
2 3∑
m,n=1
mna−2 (m+n) Uτmτn + 2
3∑
n=1
(
n a−3−2 n Ubτn −
a−2 n
2
Uτn
)
+
1
2 a6
Ub2
 ;
M4 =
φ′
M2Pl
 3∑
m,n=1
a1−2n UY τn −
UY
2 a
+
UbY
2 a4
− 2 φ′ ( 3∑
n=1
a−2−2n UXτn +
UX
2 a2
− UbX
2 a5
) ;
(A.1)
2Note that the symmetry (3.9) protects the number of propagating DoF for the class of Lagrangians
U(X, wn) from quadratic higher derivative operators [22, 25] and at the non-perturbative level [33].
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In Minkowski space the mass parameters are obtained form the above expression by setting
a = φ′ = 1.
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